Introduction
Let (X, ω) be a n-dimensional compact Hermitian manifold. Given a nonnegative function f ∈ L p (X, ω n ), p > 1, consider the complex Monge-Ampère type equation π ∂∂. In the smooth category, for λ > 0, given f positive and smooth Cherrier [Ch87] proved the existence and uniqueness of the smooth admissible solution. Later on, more general results are proved in this case by Hanani [Ha96a, Ha96b] .
The problem is considerably more difficult for the case λ = 0. At that time though many important a priori estimates were derived but the uniform estimate was still missing for the continuity argument. Under various extra assumptions the existence of a smooth admissible solution was obtained in [Ch87] . Recently, the topic has been revived in the works of Guan-Li [GL10] and Tosatti-Weinkove [TW10a, TW10b] . Ultimately, the existence was proved, in full generality, by providing the uniform estimate, by Tosatti and Weinkove [TW10b] . Since then, the complex Monge-Ampère equation, both the elliptic and parabolic (the Chern-Ricci flow) version, on compact Hermitian manifold was studied extensively (see [Nie13] , [Sun13a, Sun13b] , [TW12b, TW12c, TWYang13] , [ZZ11] ).
On the other hand, by developing pluri-potential estimates on compact Hermitian manifolds Dinew and Ko lodziej [DK12] were able to give another proof of the uniform estimate which was inspired by [Ko l98 ]. This proof allows the right hand side in L p , p > 1, which has had many applications in Kähler geometry (see e.g. [EGZ09] , [PSS12] ). This motivates the development of weak solutions theory for the equation (0.1) on compact Hermitian manifolds. Some geometric motivations and potential applications of such an investigation are discussed in [Di14] .
As a first step, for λ = 0, the existence of a continuous solution to the equation (0.1) was proved in [KN13] . In this case the new technical tool is needed. We wish to exploit further the results in [KN13] to study the complex Monge-Ampère type equation. It may help to understand deeper some open problem in Hermitian geometry.
For the case λ > 0, our first result is an extension of a theorem of Cherrier [Ch87] to the degenerate right hand side.
Theorem 0.1. Let (X, ω) be a n-dimensional compact Hermitian manifold. Let 0 ≤ f ∈ L p (X, ω n ), p > 1, be such that X f ω n > 0. Fix λ > 0. Then, there exist a unique continuous real-valued function ϕ on X satisfying
in the weak sense of currents.
Notice that we do not need to multiply the right hand side with a suitable constant as we do in the case λ = 0 (see [TW10b] , [KN13] ). The following result will shed light on that mysterious constant. 
Suppose that a continuous real-valued function ϕ on X and a constant c > 0 solve
(ω + dd c ϕ) n = cf ω n , ω + dd c ϕ ≥ 0.
Then, for any fixed x ∈ X, c = lim ε→0 e εϕε(x) .
In particular, the constant c in [KN13, Theorem 0.1] is uniquely defined.
Tsuji [Ts88] and Tian-Zhang [TiZha06] studied the Kähler-Ricci flow (parabolic Monge-Ampère equation) and its degenerate form on minimal algebraic varieties of general type. Later, the "finite energy" approach was introduced by EyssidieuxGuedj-Zeriahi [GZ05, GZ07, EGZ09] (see also [DiZh10] ) building on the seminal works of Cegrell and Ko lodziej [Ce98] , [Ko l98, Ko l03] . Further advances in [EGZ09] or [EGZ11] require the manifold to be at least in the Fujiki class, i.e. bimeromorphic to a Kähler manifold. Using recent results in [DK12] , [KN13] , we are able to relax those assumptions.
Theorem 0.3. Let (X, ω) be a n-dimensional compact Hermitian manifold. Assume that β ≥ 0 (semi-positive) is a smooth closed (1, 1)-form on X such that X β n > 0. Let 0 ≤ f ∈ L p (X, ω n ), p > 1, be such that X f ω n > 0. Then, there exists a unique continuous real-valued function ϕ solving (0.2) (β + dd c ϕ) n = e ϕ f ω n , β + dd c ϕ ≥ 0 in the weak sense of currents.
The key ingredient to prove Theorem 0.3 is a very precise uniform estimate for the complex Monge-Ampère equation on compact Hermitian manifolds given in [KN13] . Once the Monge-Ampère type equation (0.2) is solvable, we can adapt arguments [Ko l03 ] to get the stability estimates (see [DiZh10] , [EGZ09, EGZ11] 
Then, there exists a unique continuous real-valued function ϕ, sup X ϕ = 0, solving
Notice that in both results above we still need to invoke the viscosity approach due to Eyssidieux-Guedj-Zeriahi [EGZ11] for the continuity of solutions. Theorem 0.6. Let X be a n-dimensional compact complex manifold. Suppose there exists a class {β} ∈ H 1,1 BC (X, R) which is semi-positive and satisfies X β n > 0. Let x 1 , ..., x N ∈ X be fixed points and let τ 1 , ..., τ N be positive real numbers so that
Then there exists a β-plurisubharmonic function ϕ with logarithmic poles at x 1 , ..., x N :
in a coordinate neighbourhood (z 1 , ..., z n ) centered at x j , where
Here we require the class {β} to be semi-positive which is stronger than nef in the conjecture (see [TW12a] ). Tosatti and Weinkove proved their conjecture for n = 2, 3 and they proved for general n ≥ 4 under the different assumptions: X is Moishezon and {β} is rational.
The second application is a partial result on the weak form of a conjecture of Demailly and Paun [DP04] . Recently, Chiose [Chi13] and Popovici [Po14] simplified some arguments in [DP04] . Thanks to these simplifications and our results above we get the following.
Theorem 0.7. Let (X, ω) be a n-dimensional compact complex manifold equipped with the pluriclosed metric ω, i.e. dd c ω = 0. Assume that {β} ∈ H 1,1 BC (X, R) is a semi-positive cohomology class satisfying X β n > 0. Then {β} contains a Kähler current T , i.e. T ≥ δω for some δ > 0.
If we can remove the pluriclosed assumption on ω in the theorem, then we would get the weak form of [DP04, Conjecture 0.8]. So, our result supports the affirmative answer of this conjecture.
The last application we wish to address is an improvement of a result of Gill [Gil13] . It is related to the Chern-Ricci flow on smooth models of general type. It is proved in [DiZh10] , [EGZ09] that we may use the elliptic Monge-Ampère equation to get better regularity of solutions that are obtained by the Kähler-Ricci flow. We can do the same for the complex Monge-Ampère equation on compact Hermitian manifold and the Chern-Ricci flow (see Section 4.2 for the details).
The organisation of the note is as follows. In Section 1 we give several estimates for the Monge-Ampère operator. These estimates are non-trivial extensions from the Kähler setting to the Hermitian one. In Section 2 we prove Theorem 0.1 and Corollary 0.2. Section 3 deals with the degenerate Monge-Ampère equations, where Theorem 0.3 and Corollary 0.4 are proved by using extensively results in Sections 1 and 2. Section 4 is devoted to applications: Theorems 0.6, 0.7 and the regularity of the Chern-Ricci flow.
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Pluripotential estimates on compact Hermitian manifolds
In this section we give several pluripotential estimates which are generalizations from the case of compact Kähler manifolds to compact Hermitian manifolds. Because of the non closedness of metrics the proofs are often more complicated than their counterparts in the Kähler setting. However, the generalised formulations often keep the same spirit, up to the extra terms, as the original forms.
Let (X, ω) be a n-dimensional compact Hermitian manifold. The class of ω-plurisubharmonic (ω-psh) function is defined in the same way as on the Käher manifold. A function u :
The set of all ω-psh functions on X is denoted by P SH(ω). Bounded ω-psh functions have most properties as in the case ω is Kähler, though now ω does not have a local potential. By using linear algebra we can define the Monge-Ampère operator for bounded ω-psh function. Hence, the notion of cap ω and the Bedford-Taylor convergence theorem etc.... hold true. We refer the reader to [DP04] , [DK12] , [KN13] , [Di14] for more basic properties of ω-psh functions. Let us fix some notations that we will use throughout the note. The "curvature" constant of the metric ω is denoted by B = B(ω) > 0 and it satisfies
The positive constants C, C ′ = C(X, ω) > 0 will appear at many places, we simply call them to be uniform constants. Unless otherwise stated, they may differ from place to place. When the volume form ω n is clear in the context we denote for r > 0,
We often write ω ϕ := ω + dd c ϕ for ϕ ∈ P SH(ω) and L r (ω n ) := L r (X, ω n ). The Chern -Levine -Nirenberg type inequality with ω being a Hermitian metric is as follows. Proposition 1.1 (CLN inequality). Let ψ, ϕ ∈ P SH(ω) be such that sup X ψ = 0 and 0 ≤ ϕ ≤ 1. Then, we have
Remark 1.2. It also holds [DK12, Proposition 2.3] that for every ϕ 1 , ..., ϕ n ∈ P SH(ω) and 0 ≤ ϕ 1 , ..., ϕ n ≤ 1,
where C > 0 is a uniform constant. We also call those CLN inequalities. If we take ϕ 1 = ... = ϕ n = ϕ ∈ P SH(ω), then CLN inequality shows that the notion of capacity [BT82, Ko l05] for a Hermitian metric ω on X makes sense. Let E ⊂ X be a Borel set, following [Ko l05 , DK12] we denote
We refer the reader to [DK12] , [Di14] for basic properties of this capacity. One should keep in mind that because of the positivity of ω this capacity is comparable with the local Bedford-Taylor capacity cap Let {B j (s)} j∈J be a finite covering of X, where B j (s) = B(x j , s) is the ball centered at x j of radius s > 0. We may choose s > 0 small enough such that for every j ∈ J there exists a smooth negative function ρ j on B j (3s) satisfying
where u j = ρ j + ϕ, ψ + ρ j belong to P SH(B j (2s)). Now, we are going to estimate from above for each term on the right hand side. 
Since 0 ≤ ϕ ≤ 1 and ρ j is bounded on B j (2s), it follows that
where C ′ (s) is independent of ψ. By [DK12, Proposition 2.1] the right hand side is uniformly bounded. Finally, since J is a finite set, the proof follows.
Thanks to the existence of continuous solutions to the complex Monge-Ampère equation with the right hand side in L p (ω n ), p > 1, we get the following the L 1 -uniform bound. It seems that we may get the similar statement as in [GZ05, Proposition 2.7], but the form given below is sufficient for our applications.
Proof. Using [KN13, Theorem 0.1], we solve u ∈ P SH(ω) ∩ C(X), sup X u = 0, and
Moreover, by [KN13, Lemma 5.9] there exists c 0 = C( F p , ω, X) > 0 such that
According [KN13, Corollary 5.6], there exists H = H(c 0 , F p , X, ω) > 0 such that
Therefore, it is not difficult to see the corollary follows from Proposition 1.1 with the constant C > 0 also depending on H.
The next result will be a version of the Cauchy-Schwarz inequality on compact Hermitian manifolds. It has been useful in [TW10b] . The statement is similar to the classical one, however there appears a uniform constant to compensate for the torsion of ω.
Proof. By partition of unity (a finite covering), it is enough to show that for the unit ball U ⊂ C n we have
Hence, the proof is local. We can write
The polarisation of dz j ∧ dz k has the form
Thus, the lemma follows.
If dω = 0, then by the Stokes theorem, for any
This will be no longer true for a general Hermitian metric ω and the counterexample can be easily found. In fact, for compact complex surfaces, i.e n = 2, the inequality (1.4) holds if and only if dd c ω = 0 (i.e. ω is a Gauduchon metric) by Lemma 4.6.
From the potential theoretic point of view it is often important to get bounds for the total mass of Monge-Ampère operators or the Monge-Ampère energy of ω-psh functions. Below we will consider estimates of those kinds. As we will see they are more useful when the "curvature"constant of the considered metric is small. For example, the metric β + εω, where 0 < ε << 1 and β is a smooth closed semi-positive (1, 1)-form.
Let Ω be another Hermitian metric on X such that Ω ≤ Cω for some uniform C > 0. Suppose that there exists 0 < B Ω < 1 satisfying
Then, the total mass of the Monge-Ampère operator of a bounded Ω-psh function is the total mass of Ω n modulo the uniform norm of that function multiplied the curvature constant.
Proposition 1.5. Suppose that the Hermitian metric
where C > 0 is a uniform constant.
Proof. The proof is only a simple application of the Stokes theorem and induction process, so we only sketch it. To simplify notation we write
where 0 ≤ l ≤ n − 1. Recall from (1.5) that 0 < B Ω < 1 and the metric Ω satisfies
It follows that there exists C n > 0 depending only on dimension such that
where
with the convention that Ω l = Ω l u = 1 for l ≤ 0. The proof goes by induction. First we write
By Stokes' theorem we have, for 0 ≤ l ≤ n − 1,
Therefore, by (1.6) and u ≤ 0,
Similarly,
Observe that the highest power of Ω u in each term of T (u, ω, Ω, l) is less than n − 1, i.e. this power decreased by 1 after applying the Stokes theorem. Thus, it is by the induction hypothesis and the Stokes theorem that we can justify that for
and thus the proposition follows. 
where B Ω = εB is the constant in (1.5).
To prove this proposition we need a Cauchy-Schwarz type inequality for the metric Ω, which is an immediate consequence of Proposition 1.4. Lemma 1.7. Let T be a positive current of bidegree (n − 2, n − 2) of the form
Let Ω := β + εω, where β is a semi-positive (1, 1)-form and 0 < ε < 1. There exists a uniform constant 0 < C (independent of ε) such that for any
where B Ω = εB is the constant satisfying (1.5).
Proof. We only need to observe that
and B > 0 is a fixed uniform constant. Then, a simple application of Proposition 1.4 will give us the desired inequality.
We are going to prove Proposition 1.6.
Proof. Since 1 ≤ −v ≤ −u, we can replace −v by −u right away, then use the Stokes theorem to interchange roles of u and v in the integral and so on. This is how it was done for compact Kähler manifolds. However, ω now is not closed, each time one applies the Stokes theorem some extra terms appear. The Cauchy-Schwarz type inequality and Proposition 1.5 are used to estimate these terms.
We write
First, we are going to show that
and (1.9)
To prove (1.8), we write
By Stokes' theorem
Again,
Thus, (1.8) is established. We continue to prove (1.9). By the Stokes theorem (1.10)
We proceed to estimate the right hand side of (1.10). The first term is bounded as follows.
(1.11)
The last term, according to (1.5), satisfies (1.12) (n − 1)(n − 2)
For the second term, we apply Lemma 1.7 to T = −vΩ n−2 , then we get
where C > 0 depends only on X, ω. It follows that the right hand side of (1.13) is bounded by (1.14)
where in the second equality we used the Stokes theorem. From this, it is clear that
Combining this and (1.14), then (1.13), we obtain
Then, (1.9) follows from (1.11), (1.12) and (1.15). According to (1.7), (1.8) and (1.9), we have
we may replace Ω by Ω v in all argument above. Then, we get
where the constant v n−1 ∞ C > 0, by Proposition 1.5, is the upper bound for
∧ Ω n−4 ) on the right hand side of (1.15). Similarly, we show by induction (0 < B Ω < 1 and u, v ≤ −1) that
Thus, we have seen in (1.16) that one term Ω v is replaced by Ω u . We continue replacing Ω n−1 v
by Ω u ∧ Ω n−2 v and so on. Finally,
Thus, the proof is finished.
On a general compact Hermitian manifold X there may not exist a smooth closed semi-positive (1, 1) form β such that X β n > 0 and there are also nonKähler manifolds possessing such forms (see e.g. [Chi13, Example 1.8, 1.5]). If such a form exists, then the notion cap β makes sense and more importantly the volume-capacity inequality ([Ko l98, Ko l05], [EGZ09] , [DePa10] ) still holds.
Proposition 1.8. [DePa10, Lemma 2.9] Let (X, ω) be a n-dimensional compact Hermitian manifold. Assume that β is a smooth closed semi-positive (1, 1)-form on X satisfying X β n > 0. We define for any Borel set E ⊂ X,
where P SH(X, β) is the set of all β-psh functions on X. Then, there exists uniform constant a, C > 0 such that
We end this section with the mixed type inequality in the Hermitian setting. We refer the reader to [Di09] for the most general form of this kind of inequality.
In particular, for 0 < δ < 1,
Proof. This is a local problem. The proof is a consequence of the solvability of the Dirichlet problem and the stability estimates for solutions to the Monge-Ampère equation in a ball in C n . Notice that the background form in the equation is the Hermitian form ω. The results in [KN13, Section 4] are enough for the proof as in [Ko l05, Lemma 6.2].
The complex Monge-Ampère type equations
Let (X, ω) be a n-dimensional compact Hermitian manifold. In this section, we are going to study the weak solutions to the equation
The continuous solutions to the equation (2.1) for λ = 0 were recently obtained in [KN13] and we will use the results in [KN13] to study the case λ > 0. The difference is that we get not only the existence but also the uniqueness of the continuous solution.
When λ > 0, after a rescaling, we only need to consider λ = 1, i.e. the equation
When f > 0 and f is smooth Cherrier [Ch87] proved that there exists unique smooth solution. Our result can be considered as an extension of his result for non-negative right hand side in The uniqueness is just a consequence of the following statement.
In particular, there is at most one function ϕ ∈ P SH(ω) ∩ C(X) such that
Proof. We argue by contradiction. Suppose that {ψ > ϕ} is non-empty. Then, m = inf X (ϕ − ψ) < 0. Fix 0 < ε << 1 to be determined later, and denote by
The modified comparison principle [KN13, Theorem 0.2] reads for 0 < s < ε 0 = ε 3 16B ,
where C > 0 is a uniform constant. According to (2.3) we get
Note that for every 0 < s < ε 0
Since m < 0, we may choose 0 < ε so small that
By examining the above proof, it is quite easy to get the following useful fact which is obvious in the Kähler case (dω = 0).
for some c > 0, then c ≥ 1.
Before proving the existence of a continuous solution we first give an a priori estimate. This estimate will frequently be used in the sequel.
Proposition 2.5. Let (X, ω) be a n-dimensional compact Hermitian manifold.
Consider c g > 0 and u ∈ P SH(ω) ∩ C(X) solving
Proof. Put M = sup X v and v 0 = v−M . By the mixed type inequality (Lemma 1.9)
By the Gauduchon condition it follows that (2.5)
The Jensen inequality gives that (2.6) log 1
Combining (2.5) and (2.6) and v = v 0 + M we get
Hence, we get the second inequality of Proposition 2.5. It remains to prove the first one. According to (2.4) and v = v 0 + M we get that
Therefore, the first inequality follows from Corollary 2.4.
We are in the position to prove existence of continuous solution to Monge-Ampère equation with the right hand side in L p , p > 1.
Proof of Theorem 2.1. Suppose that the sequence of smooth functions
Let us denote
Then, the above equation can be rewritten as follows.
(2.7) (ω + dd c ψ j ) n = e ψj +Mj f j ω n .
Claim 2.6. M j is uniformly bounded.
Proof of Claim 2.6. It's a consequence of Proposition 2.5 and Corollary 1.3. Let us define
Applying the second inequality in Proposition 2.5 one gets that
Thus, it is sufficient to show that 1 C < A j < C for some uniform constant C > 0 independent of j ≥ 1. Indeed, it is clear that
as j → +∞. Hence, A j is uniformly bounded from below away from 0. Next, by the Hölder inequality we get that
Therefore, for j large,
We have obtained the upper bound part. It remains to show M j is uniformly bounded from below. We solve u j ∈ P SH(ω) ∩ C(X)
where c j > c 0 := c 0 ( f j p , X, ω) > 0 (see (1.3) in Corollary 1.3). The first inequality in Proposition 2.5 gives
The claim is proven.
Claim 2.6 implies that the right hand side of (2.7) is uniformly bounded in
, after passing to a subsequence, we may assume that it is a Cauchy sequence in L 1 (ω n ), and suppose that e
Mj
converges to e M . [KN13, Corollary 5.10] shows that it is actually a Cauchy sequence in C(X). Thus, ψ j converges uniformly to ψ ∈ P SH(ω)∩C(X), sup X ψ = 0. Hence
Thus, we have finished the proof of existence. When λ > 0 the difference is that the adjustive constant c > 0 does not appear on the right hand side. Our next result shows how this constant can be computed using Theorem 2.1.
Let ϕ ε ∈ P SH(ω) ∩ C(X), 0 < ε ≤ 1, be the unique solution to
Then, for any fixed x ∈ X, c = lim
Remark 2.8. In the case ω is Kähler, under the necessary condition for the solution of the equation (2.10)
we are able to show that 0 ≤ M ε ≤ C.
Therefore, c = lim ε→0 e εMε = 1.
Proof of Corollary 2.7. Put M ε = sup X ϕ ε and ψ ε = ϕ ε − M ε . The equation (2.11) is now rewritten as (2.12) (ω + dd c ψ ε ) n = e ǫψε+εMε f ω n .
Again by Proposition 2.5 we get
where α 0 = X e G ω n , A = X f 1 n e G ω n > 0 and 0 < ε ≤ 1. Then, it follows from (2.12) that ω
By [KN13, Corollary 5.6] there exists a uniform constant
Note that, by Corollary 2.4, we also have (2.14) e εMε ≥ c.
The right hand side of (2.12) is uniformly bounded in L p (ω n ), and we may suppose that {ψ ε } is a Cauchy sequence in L 1 (ω n ). [KN13, Corollary 5.10] implies that it is actually a Cauchy sequence in C(X). Let us denote by ψ the limit point, and suppose that εM ε → M . Taking limits of two sides we get that
It follows from Corollary 2.4 and equations (2.10), (2.15) that
Moreover, this equality and (2.13) imply, for any fixed x ∈ X, lim ε→0 e εϕε(x) = c.
Thus, the proposition follows.
Degenerate complex Monge-Ampère equations
Let (X, ω) be a n-dimensional compact Hermitian manifold. Suppose that there is a smooth closed semi-positive (1, 1)-form β on X satisfying . We refer the reader to the survey [PSS12] for the state-of-the-art of results on the complex Monge-Ampère equations on Kähler manifolds, in which many geometric problems and motivations to study the weak solutions are discussed. We are interested in finding weak solutions to the following equations If a function belongs to P SH(β) then we call it a β-psh function. We refer to [GZ05, GZ07, EGZ09, EGZ11] for properties of β-psh functions. Our first result in this section deals with the case λ = 1 or equivalently λ > 0 (up to a rescaling).
Then, using this theorem we get the following result which includes Corollary 0.4.
Let us denote by ϕ ε ∈ P SH(β) ∩ C(X), 0 < ε ≤ 1, the unique continuous solution to the equation
Then, for any fixed x ∈ X,
Moreover, as ε → 0, ϕ ε − sup X ϕ ε converges uniformly to the unique continuous ϕ ∈ P SH(β), sup X ϕ = 0, satisfying the equation PutÃ := X f ω n > 0, and recall that we have normalised X β n = 1. Therefore, by the Stokes theorem
An application of the Jensen inequality gives
As β ≤ Cω for some C > 0 and sup X ψ ε = 0, it follows from Corollary 1.3 that there exists C = C(Ã, f p , X, ω) > 0 such that
Therefore, the inequality (3.5) implies that
This inequality tells us that
By the volume-capacity inequality (Proposition 1.8) and [EGZ09, Theorem 2.1], after a simple application of Hölder inequality, we get that 
where 0 < γ < γ max = γ max (n, p) (explicit formula is given in [EGZ09, EGZ11] ). Since {ψ ε } 0<ε≤1 is compact in L 1 (ω n ), there exists a subsequence {ψ εj }, ε j ց 0 as j → +∞, which is Cauchy in L 1 (ω n ). By (3.7) this is also a Cauchy sequence in C(X). Therefore, it converges to ψ ∈ P SH(β) ∩ C(X) with sup X ψ = 0. We may suppose that ε j M j converges to M as j → +∞. Thus, by the Bedford-Taylor convergence theorem we have
n as ε j ψ εj (x) → 0 for every x ∈ X (see (3.6)). It is obvious that
Furthermore, there is at most one ϕ ∈ P SH(β) ∩ C(X) with sup X ϕ = 0 solving the equation
It implies that actually e εϕε(x) → c, and ψ ε converges uniformly to ψ ≡ ϕ as ε → 0.
The hard part is to prove the existence of solution in Theorem 3.1. We follow the ideas in [EGZ09, EGZ11] . At the first step we show that the equation admits a solution in the finite self energy class, i.e. the class E 1 (X, β) (see below for the definition). Once the first step is done then the second step is showing that this solution is bounded. It follows from the works of Ko lodziej [Ko l98, Ko l05] and EyssidieuxGuedj-Zeriahi [EGZ09] . The last step is to show the solution is continuous. It is an immediate consequence of the viscosity approach due to Eyssidieux-Guedj-Zeriahi [EGZ11] . Since the second and last step are well-known, we will not reproduce them here. We refer the reader to [Ko l05, EGZ09, EGZ11] for the details. Thus, we only focus on the proof of the first step.
Following [GZ07, EGZ09] we say that a β-psh function u belongs to E 1 (X, β) if there exists a sequence u j ∈ P SH(β) ∩ L ∞ (X) satisfying u j ց u and sup
We are in a position to state our main result in this section.
Theorem 3.5. Let β be a smooth closed semi-positive
The outline of the proof is as follows. We approximate the degenerate form β by a family of Hermitian metrics β + εω, 0 < ε ≤ 1. For each 0 < ε ≤ 1, by Theorem 2.1, there is a unique ϕ ε ∈ P SH(β + εω) ∩ C(X) such that
Our goal is to show {ϕ ε } decreases to a solution ϕ ∈ E 1 (X, β). The next result shows why the sequence {ϕ ε } is decreasing as ε ց 0.
Lemma 3.6. Let ω,ω be two Hermitian metrics on X such thatω ≤ ω. Let µ be a positive Radon measure. Suppose that
The proof is similar to the one of Lemma 2.3. The difference now is the variation of metrics on the left hand side. We include its proof here for the sake of completeness.
Proof. We argue by contradiction. Assume that {v > u} is nonempty. Then, m = inf X (u − v) < 0. Fix an 0 < ε << 1 to be determined later, and we denote
Note that v ∈ P SH(ω) asω ≤ ω. Applying the modified comparison principle from [KN13] we get that, for 0 < s < ε 0 :=
Note that by (3.10) for every 0 < s < ε 0
It is impossible when s > 0 is small enough. Thus, the proof follows.
We are ready to prove our theorem.
Proof of Theorem 3.5. Take {ϕ ε } to be the solutions from (3.8). We are going to show that (3.11) ϕ ε ց ϕ ∈ P SH(β) as ε ց 0 and (3.12) sup
Let us start with the first property (3.11). Applying Lemma 3.6 to β + εω and β + ε ′ ω, 0 < ε < ε ′ , we get that the sequence ϕ ε is decreasing as ε ց 0. Hence, we can put
To verify that ϕ ∈ P SH(β), it is enough to show that the sequence ϕ ε does not decrease identically to −∞. More precisely, we will prove that (3.13)
for ε > 0 small enough. In fact, set M ε = sup X ϕ ε , and ψ ε = ϕ ε − M ε . Then, the equation (3.8) reads (3.14)
The following estimate is the most crucial step where the results of [KN13] play an important role. Proof of Lemma 3.7. In order to use the a priori estimate in [KN13] one needs to know that (β + εω + dd c ψ ε ) n is well dominated by the capacity cap β+εω .
Claim 3.8. M ε is uniformly bounded from above.
Proof of Claim 3.8. It follows from Proposition 2.5 with an observation that the reference metric β + εω, 0 < ε ≤ 1, is dominated by Cω for some C > 0. Therefore,
Since 0 < β + εω ≤ Cω, we have ψ ε ∈ P SH(Cω). As sup X ψ ε = 0, it follows from Corollary 1.3 that (3.15)
with a uniform constant C ′ > 0. Proposition 2.5 and (3.15) give that
The claim follows.
We proceed to finish the proof of Lemma 3.7. By Claim 3.8 and the equation (3.14) we get that, for a uniform constant C > 0,
Here, by the volume-capacity inequality (Proposition 1.8) and by cap β (E) ≤ cap β+εω (E), we get, after using the Hölder inequality, that for any Borel set E ⊂ X,
where a = a(X, ω, β, p) > 0 and C ′ > 0 depends only on X, ω, f p . Let us use the notation β ε := β + εω and N (β ε ) := sup X |ρ| β n ε : ρ ∈ P SH(β ε ) and sup
It follows from (3.17) and (3.18) that
Since β is closed and β ≥ 0, the reference Hermitian metric β ε satisfies (3.20)
Thus, the "curvature" constant for β ε is B ε = B ε . We wish to apply the a priori estimate from the proof of [KN13, Corollary 5.6] to the Hermitian metric β ε . Because of B ε = B ε the crucial change is the range of the considered sublevel sets which are close to the minimum of ψ ε . The value s > 0 there now can be taken
for ε > 0 small enough.
By (3.19) the Monge-Ampère measure (β ε + dd c ψ ε ) n satisfies the inequality (5.2) in [KN13] for the admissible function h(s) = Ce as for a, C > 0 independent of ε.
Therefore, the formula in the proof of [KN13, Corollary 5.6] gives
where we choose
(for sufficiently small ε > 0) and (s) is the inverse function of
The next step is to estimate the right hand side of (3.21) from above. By computation we get that κ(x) ≤ C exp(−ãx − 1 n ) where C,ã > 0 are uniform constants. As κ is an increasing function, its inverse function satisfies
Since sup X ρ = 0 and ρ ∈ P SH(Cω), Corollary 1.3 gives
Therefore,
Plugging s 0 = ε 2 into the right hand side of (3.21), then using (3.23) and (3.24), we get that ψ ε L ∞ ≤ ε 2 + C 1 a log C − 2 log ε a n ≤ C a n (− log ε) n for ε > 0 small. Thus, Lemma 3.7 follows.
We are in the position to prove (3.13). Put Ω = β + εω, then it's easy to see that
Hence, one can take B Ω = εB to be the corresponding constant in Proposition 1.5 for the metric Ω, i.e.
Therefore, (3.26)
Combining Lemma 3.7 and (3.26) we get the property (3.13). Next, we shall see how to get (3.12), i.e.
(3.27) sup
Claim 3.9. M ε is uniformly bounded from below.
Proof of Claim 3.9. We use again the equation (3.14). It gives us
Integrating two sides
Combining this, the first inequality of (3.26) and Lemma 3.7, we get
for ε sufficiently small. Thus, the claim easily follows.
We proceed to prove (3.27). By Claims 3.8 and 3.9 there exists a uniform number
As max s≤0 (−se s ) = 1/e, we get (3.27). Thus, the second property of the sequence ϕ ε is obtained.
We are in a position to show that ϕ ∈ E 1 (X, β). In other words,
in the sense that there exists a sequence
By Claims 3.8 and 3.9 we may assume, without lost of generality, that
for every 0 < ε ≤ 1. The same is true for ϕ. The construction of the sequence ϕ j is as follows. Let us denote for j ≥ 1, ϕ j = max{ϕ, −j}.
As β ≥ 0, ϕ j ∈ P SH(β) for j ≥ 1. It's obvious that ϕ j ց ϕ. We shall check (3.28). Let us denote ϕ ε,j = max{ϕ ε , −j}. Observe that, if j is fixed, then ϕ ε,j is uniformly bounded and it decreases to ϕ j ∈ P SH(β) ∩ L ∞ (X) as ε ց 0. Hence, by the Bedford-Taylor convergence theorem [BT82] we have
n weakly as ε → 0.
We will verify that for a fixed j,
where C > 0 is a uniform constant independent of j, ε. It follows from (3.25) that B Ω = εB is the constant in (1.5) for the metric Ω = β + εω. Hence, Proposition 1.6 applied to u = ϕ ε ≤ v = ϕ ε,j ≤ −1 implies that
where the last term on the right hand side comes from Lemma 3.7:
Therefore, for 0 < ε ≤ 1,
By (3.27) the right hand side is under control. Therefore, we get (3.29).
We are ready to justify (3.28), it is a classical argument. Since ϕ ε,j is u.s.c, any limit point ν of {−ϕ ε,j (β + εω + dd c ϕ ε,j ) n } ε>0 as ε ց 0 satisfies
It follows that
where the last inequality is by (3.29). Thus, we proved (3.28), i.e. ϕ ∈ E 1 (X, β).
End of the proof of Theorem 3.5. It remains to show that ϕ satisfies the MongeAmpère equation. Since M ≥ ϕ ε ց ϕ as ε ց 0, it follows from the Lebesgue dominated convergence theorem that e ϕε f ω n → e ϕ f ω n .
By (3.8) we will finish if we can show
Indeed, this follows from the fact that (β + εω + dd c ϕ ε,j ) n → (β + dd c ϕ j ) n as ε → 0 for any fixed j, and
where C > 0 is independent of ε and j (see (3.27)). The proof of the theorem is completed.
Thus, we also proved Theorem 3.1 by using the outline above and Theorem 3.5.
As in the Kähler setting, from Theorems 3.1, 2.1 and Lemma 3.6 we get the following result.
For 0 < ε ≤ 1 let ϕ ε ∈ P SH(β + εω) ∩ C(X) be the unique solution to
Then, ϕ ε ց ϕ uniformly as ε ց 0.
Applications
In this section we consider applications of results in Sections 2 and 3 to several problems on compact Hermitian manifolds. Recall that we use the normalization
We consider the real Bott-Chern cohomology group
BC (X, R). The class {β} is called nef if for any ε > 0 there exists a representative β + dd c ψ such that
where ω is some fixed Hermitian metric on X. If β ≥ 0, then {β} is a nef class. If moreover it has positive highest selfintersection number X β n > 0, then these assumptions allow us to solve the degenerated Monge-Ampère equation with the background form being β. This gives a way to construct non-trivial β-psh functions on X. We will get some interesting consequences of this fact.
4.1. The Tosatti-Weinkove and Demailly-Paun conjectures. We shall start with a verification of a conjecture of Tosatti and Weinkove [TW12a] under the assumption that β ≥ 0. Let us state the result.
Theorem 4.1. Let X be a n-dimensional compact complex manifold. Suppose there exists a class {β} ∈ H 1,1 BC (X, R) which is semi-positive and satisfies X β n > 0. Let x 1 , ..., x N ∈ X be fixed points and let τ 1 , ..., τ N be positive real numbers so that
Remark 4.2. The conjecture in [TW12a] is stated for β being nef and X β n > 0, which is motivated by the corresponding result of Demailly on Kähler manifolds. We refer the reader to [De93] for applications in algebraic geometry. Tosatti and Weinkove proved their conjecture for n = 2, 3 and obtained some partial results for general n (if X is Moishezon and {β} is a rational class).
Proof of Theorem 4.1. Given Theorem 3.2, Demailly's mass concentration technique in [De93, Sec. 6] is adaptable immediately (see also [TW12a] ). For the sake of completeness we repeat it here. We choose coordinates (z 1 , ..., z n ) in a neighbourhood centered at x j . Let χ : R → R be a smooth, convex, increasing, which satisfies χ(t) = t for t ≥ 0, and χ(t) = − 1 2 for t ≤ −1. Put, for ε > 0,
where |z| 2 = |z 1 | 2 + ... + |z n | 2 . As observed in [De93] γ j,ε is a closed (1, 1)-positive form on this coordinate chart, and it is equal to dd c log |z| outside the ball {|z| ≤ ε}. Then, we may extend γ n j,ε = 0 for |z| > ε. Thus, γ n j,ε is a smooth non-negative (n, n)-form on X satisfies X γ n j,ε = 1, and γ n j,ε → δ xj the Dirac measure mass at x j as ε → 0. Put
Using Theorem 3.2 we solve the Monge-Ampère equation
where ϕ ε ∈ P SH(β) ∩ C(X), sup X ϕ ε = 0. The family {ϕ ε : sup X ϕ ε = 0} ε>0 is compact in L 1 (ω n ). Then, there exists a subsequence ε → 0 such that ϕ ε converges to a ϕ ∈ P SH(β) in L 1 (ω n ).
We show now that the funciton ϕ has desired singularities. Let U be a neighbourhood of x j and suppose that
where C 1 is a large constant. Then for ε > 0 small enough
For C 1 sufficiently large, u ≥ v on ∂U , then it follows from the Bedford-Taylor comparison principle [BT82] that u ≥ v on U . Hence,
Thus, ϕ(z) ≤ log |z| + O(1) in U .
We turn now to a weak version of a conjecture of Demailly and Paun [DP04, Conjecture 0.8]. Suppose that a compact n-dimensional complex manifold possesses a semi-positive cohomology class {β} of type (1, 1) such that X β n > 0, then it is conjectured that this manifold belongs to the Fujiki class C. We are able to prove this for manifolds equipped with a pluriclosed metric. Let us state our result. Remark 4.4. In the case of complex surfaces, i.e. n = 2, there always exits a Gauduchon (pluriclosed) metric and the theorem is known thanks to the work of N. Buchdahl [Bu99, Bu00] and A. Lamari [La99a, La99b] . When n = 3 as pointed out by Chiose [Chi13, Remmark 3.3 ] that the semi-positive assumption of {β} in Theorem 4.3 can be weaken to the nef one. Then, Theorem 4.3 is only interesting for n ≥ 4. Our arguments follow the ideas of Chiose [Chi13] who used the non-degenerate Monge-Ampère equation in [TW10b] to give a simpler proof of Demailly-Paun's theorem [DP04, Theorem 2.12]. Later on, Popovici [Po14, Lemma 3.1] made an observation that can help to simplify some arguments in [Chi13] . We will also make use of this observation.
Instead of using non degenerate Monge-Ampère equation as in [DP04] [Chi13] we use the one with the degenerate left hand side (Section 3). We do not add a small positive Hermitian metric to the degenerate metric β ≥ 0. The advantage is that the total mass of the left hand side is invariant (= X β n ). However, a priori the obtained solutions are only continuous, so we need to extend [Po14, Lemma 3.2] to the singular (1, 1)-forms setting. This also required results in previous sections. First, we recall a useful lemma due to Lamari [La99a] .
Lemma 4.6. Let α be a smooth real (1, 1) form. There exists a distribution ψ on X such that α + dd c ψ ≥ 0 if and only if
Proof of Theorem 4.3. We argue by contradiction. Suppose that {β} is not a Kähler current. This means there is a sequence δ j ↓ 0, j ≥ 1, and there is no representative β + dd c u, u ∈ D(X) such that the real (1, 1) current β + dd c u − δ j ω is positive. By Lemma 4.6 it implies that for every j ≥ 1 there exists a Gauduchon metric g j such that
Put G j := g n−1 j . Then, the inequality is equivalent to (4.2)
Since β ≥ 0 and X β n > 0, using Theorem 3.2 we solve, for j ≥ 1, Put β j = β + dd c v j . It is easy to see that (4.5)
Next, we are going to prove that (4.6)
We prove it by reducing to the case β j is smooth and positive definite (see [Po14, Lemma 3 .2]). Let us fix j for a moment as it does not affect our proof. We remark that the reducing process uses in an essential way results in Sections 2 and 3.
Lemma 4.7. For 0 < ε ≤ 1, let v ε ∈ P SH(β) ∩ C(X) be the unique solution to [TW12c, TWYang13] . We refer the reader to those papers and references therein for more details on the Chern-Ricci flow and its applications. We are interested in recent preprint by Gill [Gil13] in which he obtained a generalisation of a result of Tsuji [Ts88] and Tian-Zhang [TiZha06] . We wish to use the pluripotential technique to improve his result as it is done in [EGZ09] . Roughly speaking we use the elliptic complex Monge-Ampère equation to improve the results obtained by the parabolic one. It seems to be known for the experts (see Remark 4.14 below) but we feel it is worthwhile to write down it here for the record and it is also a consequence of our results.
We first give a setup which is taken from [Gil13] . Let ω 0 be a fixed Hermitian metric on X. Then, the normalised Chern-Ricci has the form (4.14) ∂ ∂t ω(t) = −Ric(ω(t)) − ω(t) ω(0) = ω 0 , where Ric(ω(t)) = −i∂∂ log[ω(t)] n . We shall investigate the flow on a special class of Hermitian manifolds. On such a manifold there is a singular set which plays an important role in studying the regularity of the flow (4.14). It is defined in [CoTo13] .
Definition 4.10. The null locus of a smooth minimal model of general type is defined to be
Gill has obtained the following E is the smallest set that we can take because of a result of Collins and Tosatti [CoTo13] . It is a generalisation of [DP04, Theorem 0.5] to manifolds in the Fujiki class.
Lemma 4.12 (Collins-Tosatti '13). There exists ψ ∈ L 1 (X) such that β + i∂∂ψ ≥ c 0 ω 0 for some c 0 > 0. The function ψ ∈ C ∞ (X \ E), where E is the null locus of X and E = {ψ = −∞}.
On the projective manifold of general type, it is showed in [EGZ09] that the solution constructed by the Kähler-Ricci flow [Ts88] , [TiZha06] , coincides with the solution constructed by the elliptic Monge-Ampère equation. Therefore, the potential of ω KE is continuous [EGZ09, EGZ11] .
Thanks to our results in previous sections and the arguments in [EGZ09] we are able to get the same statement for the Chern-Ricci flow on smooth minimal models of general type. To state our result we need some notation. First, as X is Moishezon, there exists a smooth closed semi-positive (1, 1)-form β such that {β} = −c BC 1 (X). Moreover, we can pick a Hermitian metric Ω satisfying
As K X is big we have X β n > 0. 
